In this work we study the structure of approximate solutions of variational problems with continuous integrands / : [0, oo) x I " x I " -» I ' which belong to a complete metric space of functions. The main result in this paper deals with the turnpike property of variational problems. To have this property means that the approximate solutions of the problems are determined mainly by the integrand, and are essentially independent of the choice of interval and endpoint conditions, except in regions close to the endpoints.
Introduction and main results
In this paper we analyse the structure of solutions of the variational problems The main results in this paper deal with the so-called turnpike property of the variational problems (P). To have this property means, roughly speaking, that the approximate solutions of the problems (P) are determined mainly by the integrand (cost function), and are essentially independent of the choice of interval and endpoint conditions, except in regions close to the endpoints.
Turnpike properties are well known in mathematical economics. The term was first coined by Samuelson in 1948 (see [12] ) where he showed that an efficient expanding economy would spend most of the time in the vicinity of a balanced equilibrium path (also called a von Neumann path). This property was further investigated for optimal trajectories of models of economic dynamics (see, for example, [2, 3, [5] [6] [7] [8] [9] [10] [11] and the references mentioned there). In control theory turnpike properties were studied in [18, 19] for linear control systems with convex integrands.
Denote In [16, 17] we studied the subset of the set Jt which consists of all / e satisfying the following assumptions:
• for each (t, x) e [0, oo) x 1" the function f(t, x, •) : R" -• I 1 is convex;
• for each M, e > 0 there exist F, 8 > 0 such that \f(t, *,, Mi) -/ ( / , * 2 , M 2 )| < € max{/(r, xi, «i), / ( / , x 2 , M 2 )) [3] The turnpike result 107
for each t G [0, oo) and each u ly u 2 ,x u x 2 € K" which satisfy l*iI < M, |M,| > T, i = 1,2, max{|jt, -
This subset will be denoted by ^t co .
It is easy to show that an integrand / = f(t,x,u) e C 1 ([0, oo) x R" x R") belongs to M if / satisfies assumption (A.ii), and if sup{|/(f, 0, 0)| : t G [0, oo)} < oo and also there exists an increasing function V^o :
for each t € [0, oo) and each x, u e W.
For the set M, we consider the uniformity which is determined by the following base:
A. ] for each t e [0, oo) and each x , u e K " satisfying |JC| < A^}, where JV > 0,e > 0, A. > 1.
Clearly, the space M with this uniformity is metrizable (by a metric p w ). It was established in [13, Proposition 2.2] that the metric space (^#, p w ) is complete. Note that this uniformity was introduced in [16] for the subset Jt co of M. The metric p w induces in J£ a topology.
We consider functional of the form
where / € ^#, 0 < T\ < T 2 < +oo and x : [T u T 2 ] -> R" is an a.c. function. For / € M, y, z e W and numbers T\, T 2 satisfying 0 < T { < T 2 we set
It is easy to see that -oo < U f {T u T 2 , y, z) < +oo for each / e 9H, each y, z G W and all numbers T u T 2 satisfying 0 < T x < T 2 .
Let / € J(. 
The next result will be proved in Section 3. The function X f is called r/;e turnpike of f. If the integrand / has the strong turnpike property, then the solutions of variational problems with / are essentially independent of the choice of time interval and values at the endpoints except in regions close to the endpoints of the time interval. If a point t does not belong to these regions, then the value of a solution at / is closed to a trajectory ('turnpike') which is defined on the infinite time interval and depends only on / . This phenomenon has the following interpretation. If one wish to reach a point A from a point B by a car in an optimal way, then one should turn to a turnpike, spend most of time on it and then leave the turnpike to reach the required point.
If in the definition above condition (ii) is not assumed, then we say that the integrand / has the turnpike property [14, 15, 17] .
In the sequel we use the following definition [4] . Let / 6 . # . We say that an a.c. function
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Assume that / e J( and X : [0, oo) -> IK. " is a bounded a.c. function. How to verify if the integrand / has (STP) and X is its turnpike? In this paper we introduce three properties (PI), (P2) and (P3) and show that / has (STP) if and only if / possesses properties (PI), (P2) and (P3). Property (PI) means that all (/)-good functions have the same asymptotic behavior while property (P2) means that X is a unique (/)-overtaking optimal function whose value at zero is X(0). Property (P3) means that if an a.c. function v : [0, T] -> R" is an approximate solution and T is large enough, then there is r e [0, T] such that v(r) is close to X(T). In [14] we establish that / has the turnpike property if and only if / possesses properties (PI) and (P3).
The next theorem is the main result of the paper. 
Auxiliary results
We have the following result (see Berkovitz [1] ). In [13] we analyzed the properties of (/)-good functions and established the following results. QO . In [16] we have shown that for each / e ^# co and z 6 R",
for each e,, e 2 e (0, 1) and
for each T, > 0, T 2 > 7", and each e e (0, 1). 
We show that (2.2) holds. Assume the contrary. Then there is an a.c. function 
Relations (2.11) and (2.4) imply that, for / = 1, 2,
Consider an a.c. function u :
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700011411
[9]
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It follows from (2.10), the choice of y (see (2.5), (2.6)) and (2.4) that
In view of (2.13) and (2.1)
-y,t 2 ,u(T 2 -y),u(t 2 )).
It follows from (2.12), (2.7), (2.10) and the choice of S (see (2.8) In the sequel we also need the next two propositions proved in [13] . In view of Assertion (5) 
Since e is an arbitrary element of (0, 1) we conclude that
for any integer /t > 0. This implies that /'((), T, Z*) = U f i0, T, Z*(0), Z*(7)) for any T > 0. By Assertion (1) of Proposition 2.2 and Proposition 1.1 the function Z* is bounded and (/)-good. Proposition 1.2 is proved.
• [11] The turnpike result 115 , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700011411
Overtaking optimal trajectories
[13]
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By (4.14), (4.15), (4.18) and (4.19), In view of (4.21), there is 7, > T Q + 4 such that (4.26) \v 2 
(t) -vi(t)\ < S forall / € [r,,oo).
Let T > 7"| and consider an a.c. function u; :
Relations (4.14) and (4.27) imply that 
Since V\ is (/)-overtaking optimal we conclude that v 2 is (/)-overtaking optimal. The proposition is proved.
•
(STP) implies (PI), (P2) and (P3)
Assume that / € Jt, 
Basic lemma
Assume that / e ~#, for each (t,x) e [0, oo) x R" the function f(t,x,-) : /or i = l,2, the following inequality holds:
PROOF. By Lemma 6.1, there exist r 0 , 5 0 € (0, e/16) such that the following property holds:
,2, and I'(T,,T 2 ,v) < U f (T t , T 2 , v ( r , ) , v(T 2 )) + S o , then \v(t) -X f (t)\ < e,t e [T,,T 2 ].
We may assume without loss of generality that <5 0 < 1. Choose 
T, T + Li,v(T), v(T + L t ))
there is r e [T, T + L\\ for which (6.7) |X 7 (r) -U(T)| < So. [17] The turnpike result 121 Let i be a natural number. It follows from property (P4), (6.9), (6.10), (6.8) and (6.5) that (6.11) 7^, < r 0 .
By (6.9), (6.8), (6.3) and the choice of M x (see (6.4), (6.5)),
We show that t, < r 0 + L x + 2. Assume the contrary. Then
Consider the restriction of Vj to the interval
Property (P5), (6.14), (6.12), (6.9) and (6.8) imply that there is
By (6.15) and (6.13), i > r 0 + 1, T i2 -i > 1. It follows from these inequalities, (6.16), (6.9), (6.8) and property (P4) that M O -X f (t)\ < e , ( 6 [i, T i2 ]. Combined with (6.15) Let r e (T|, r, + y). Then for all sufficiently large natural numbers / (6.21) Tn < T < f, + y < T n +2y
and in view of the choice of y
It follows from (6.21), (6.22) and (6.9) that for all sufficiently large natural numbers /
By the choice of y, (6.20) and (6.18) for all sufficiently large natural numbers i, Combined with (6.23) this inequality implies that for all sufficiently large natural numbers i
+A. [19] The turnpike result 123 
Combining with (6.9), these inequalities imply that 
) = d(t).
i-*oc By (6.18), l i m ,^ X f {t,) = X f (J). Combined with (6.32) and (6.10) this equality implies that
[21]
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f e (r,, r 2 ).
Clearly M is well defined. By property (P2) and (6.35), v is (/)-overtaking optimal.
On the other hand,
. This contradicts property (P2). Thus case (2) does not hold and f 2 = oo. For each t > 0 satisfying t < T it set v(t) = X f (t). Now (6.27) holds for each T > f\. It follows from this fact, the boundedness of v, the equality v(T\) = X f (f\) and Proposition 4.3 that v is (/)-overtaking optimal. Now (6.34) contradicts property (P2). The obtained contradiction proves the lemma.
Proof of Theorem 1.3
In this section we prove the following theorem which is an extension of Theorem 1.3. 
